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ABSTRACT
As a point of mathematical logic, this paper pro#lest the contra positive is not logically equivdl¢o the
conditional, which disproves the “proof by conti@din” that has been used in mathematics for oveuradred

years. The paper then provides suggestions fortidn{proof by contradiction” may have been deriueeérror.
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( \ INTRODUCTION
Author for Correspondence: PROPOSITION: THE CONTRAPOSITIVE IS
James H. Hughes, NOT LOGICALLY EQUIVALENT TO THE
CONDITIONAL
Albuquerque, When it is difficult to prove a proposition diregtl
mathematics often uses the proof by contradiction,
New Mexico, the indirect proof, as another method (Proof by
Contradiction 2003). However, a few
USA. mathematicians, called “constructionists,” have
argued the method is invalid. They hold that
Email: jam.hughes@comast.net mathematical proofs should follow the pattern set b
) Euclid, where proofs are constructed from axioms.
The steps for a proof by contradiction are:
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First, assume the opposite of your conclusion. Forconverse and inverse, two other logical forms based
example, to prove “the primes are infinite in on the conditional, by using “If it is raining, thd
number,” assume that the set of prime numbers iscarry my umbrella” as an example of a conditional
finite in number, with a finite number of elemenfs  statement (Conditional Statements 2003).

size n. Logical Form Symbols Statement
Second, use this assumption to derive newConditional A—B If it is raining,
consequences until you find one that is the opeosit then | carry my umbrella.

of your premise, or contradicts it. In the above Converse B> A If I carry my
example, you would seek to show there exists aumbrella, then it is raining.

prime number not counted in the initial set of n Inverse ~A>~B If it is not
prime numbers, making it a counterexample to yourraining, then | do not carry my umbrella.
assumption. Contra positive ~B>~A If | do

Third, conclude your assumption must be false, sonot carry my umbrella, then it is not raining.

that the opposite assumption is true, and hence youThe proof by contradiction relies on the logical
original proposition, called the conditional, it equivalence of the contra positive of “If | do not
This method makes sense by noting you are creatingarry my umbrella, then it is not raining” to the
a direct proof of the contra positive of your ongi conditional of “If it is raining, then | carry my
proposition of, if A (condition), then B (conclusip umbrella.” This equivalence does not extend to the
In other words, you are proving that if not B converse or inverse, which are not considered
(conclusion), then not a (condition), a statembatt logically equivalent.

is called the contra positive. Since the contratpmes  The lack of logical equivalence between the
is always logically equivalent to the conditional, conditional and the converse or inverse is sed¢han
your original proposition is considered to be prmove counterexample of how | sometimes carry my
or true. umbrella when it is not raining to protect myself
The contradiction forces us to reject our assumptio from the hot sun. Since | sometimes carry my
of not B because all our other steps are justifidok umbrella when it is not raining, this disproves the
only “mistake” we made was in our assumption of converse. And since when it is not raining |
not B. An indirect proof establishes that since the sometimes carry my umbrella, this disproves the
opposite conclusion is not consistent with the inverse.

premise, then the original conclusion must be true. To understand why the converse and inverse are not
However, in the above example, the counterexampldogically equivalent to the conditional, it may be
may contain an inductive process able to extend théhelpful to more closely examine the logic behind
set of prime numbers by one element, which may bethem.

used to show they are infinite in size using aalire Converse: B— A If | carry my umbrella, then it is
proof. raining.

References may not always clearly distinguish The converse reverses the order of the cause and
between the proof by contradiction and effect. In other words, where the conditional start
counterexample. The proof by contradiction uses twowith the cause or condition of it raining, which
negations. It assumes the opposite of the desiredesults in my carrying my umbrella, the converse
conclusion (not B) to find a contradiction (not &3 reverse the condition and its result to say, ‘tarry

a consequence, which it equates to proving themy umbrella, then it is raining”.

original proposition. In contrast, the counterexéenp While it may sound plausible, carrying my umbrella
uses a single negative example to disprove adoes not cause it to be raining. The converse sound
proposition. plausible because it implicitly assumes that | have
It may be helpful to illustrate the relationship checked the weather and seen it is raining in ngakin
between the conditional and contra positive, ard th my decision to carry my umbrella. However,
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deciding to carry my umbrella based on the The opposite condition requires the cause and teffec
condition that it is raining assumes the conclusionrelationship to be reworked in order to determise i
that the converse seeks to prove. This is notresult rather than assuming that the opposite
acceptable in mathematics. Proofs are not supposedondition necessarily results in the opposite e¢ffec

to assume their conclusion. Symbolically, the logic operator does not distréut
Mathematical proofs derive their conclusion by the ~ or “not” like an algebraic constant. In other
using a process of reasoning, which frequently words, the logic operator is not distributive.

involves algebra or other symbolic manipulations, Interestingly, the contra positive represents libth
based on a set of axioms or assumptions that arenverse applied to the converse, and the converse
accepted by time and experience. applied to the inverse. In other words, the
Returning to the converse, my decision to carry mycombination of the inverse and converse applied to
umbrella does not cause the condition of it raining each other produces ~B ~ A.

But this is what the converse claims in reversimg t For example, applying the inverse to the converse
order of cause and effect, or condition and result. starts with the statement “If | carry my umbrella,
The converse claims that carrying my umbrella then it is raining.” It applies the ~ or “not” to tho
causes it to be raining without checking the sides. Applying the “not” to “If | carry my umbrell
condition of the weather since checking the weatherand “then it is raining” results in “If | do not o&
would assume the conclusion of it raining. my umbrella, then it is not raining” or the contra
Commonsense tells us that this is incorrect. This i positive ~ B— ~ A.

why the converse is not logically equivalent to the But since the inverse is known not to be logically
conditional. Cause and effect flow from cause to equivalent to the conditional, this statement, hog t
effect, and are not freely interchangeable. contra positive, is not logically equivalent to the
In other words, when B is a result of conditiontiAe conditional of “If I carry my umbrella, then it is
converse or reverse conclusion that condition A israining.” In other words, the negative condition of
the result of B does not hold as a matter of génerathe statement “If | do not carry my umbrella” does
principle. The idea that effect can become cause annot necessarily imply the negative conclusion of
cause can become effect as a matter of logicalthen itis not raining.”

equivalence, which is the logic of the converse, is Moreover, since “If | carry my umbrella, then it is
not accepted. raining” is known not to be logically equivalent to
Symbolically, A— B is not equivalent to B> A. In the original conditional of “If it is raining, theh
other words, the logic operator is not commutative. carry my umbrella” or that the fact that | carry my
Inverse: ~ A— ~ B If it is not raining, then 1 do not umbrella does not determine the condition of it
carry my umbrella. raining, neither is it reasonable to suppose tlo¢ fa
The inverse applies the ~ or “not” to both sides of that | do not carry my umbrella cause the condition
the conditional like an algebraic constant to &t  of it not raining.

~ A — ~ B. Although the inverse sounds plausible, The converse reverses the order of cause and .effect
as noted in the counterexample, they are times [The inverse assumes the opposite condition produces
carry my umbrella when it is not raining. an opposite effect. If one is wrong, the other duoas
The inverse assumes that the opposite condition orcorrect it as a matter of general principle, sarthe
not A (~ A) produces the opposite result or not-B ( combination does not correct each other.

B) as a general principle. While the condition ot n  Since both the converse and inverse are not Idgical
A can be expected to produce a different result tha equivalent to the conditional, it is not obviousaho
B, it may not necessarily be the opposite of B. Itstheir combination results in a statement that is
cause and effect relationship needs to be reworkedlogically equivalent to the conditional. Reversihg
This is why the inverse is not logically equivalémt  natural flow of cause and effect, and using the
the conditional. opposite result or conclusion as a cause or camditi
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that is assumed to produce the opposite cause oviolates the contra positive, which says, “If | dot
condition does not naturally correct each other. Socarry my umbrella, then it is not raining.”
the contra positive is not logically equivalentthe This is an argument of juxtaposition. It shows that

conditional. the condition of it not raining occurs independentl
Alternatively, applying the converse to the inverse of when | carry my umbrella. When | do not carry
starts with the statement “If it is not rainingethl my umbrella does not cause the weather to not be

do not carry my umbrella” and reverses the condlitio raining. This shows that the contra positive is not
and result. This gives the statement “If | do retrg logically equivalent to the conditional.

my umbrella, then it is not raining” or the contra The contra positive appears to work because it ases
positive ~ B— ~ A. sophism. Like the converse, it implicitly assumes
But since the converse is known not to be logically that | check the weather before | decide not toycar
equivalent to the conditional, this statement,l@ t my umbrella. But without checking to see what the
contra positive, is not logically equivalent to the weather is, the rain is unpredictable based on
conditional of “If it is not raining, then | do nearry whether or not | carry my umbrella. My decision to
my umbrella.” In other words, reversing the cause carry or not carry my umbrella does not determine
and effect so “I do not carry my umbrella” becomes the weather, but is used in response to the weather
the condition does not necessarily produce thdtresu In other words, the rain is a condition, which
that “it is not raining.” prompts me to carry my umbrella. But | sometimes
It can also be asked how changing the condition ofcarry my umbrella when it is not raining. Whether o
“If 1 carry my umbrella” to “If | do not carry my not | carry my umbrella does not determine the
umbrella” causes the weather to not be raining whencondition that it is not raining. The fact thatdroy

it is generally known that carrying my umbrella doe my umbrella is only an indicator that it may be
not cause the weather to be raining. These negativeraining. Thus, it cannot be concluded that if |rox
argue that the contra positive is not logically carry my umbrella, then it is not raining.

equivalent to the conditional. Where in the conditional, the condition of rain
In other words, reversing the order of cause andcauses me to carry my umbrella in a true cause and
effect and distributing the “not” like an algebraic effect relationship, the contra positive substgutey
constant to the conditional results in a statement,not carrying my umbrella for the condition of ittno
called the contra positive, that is not logically raining to show it is not raining when umbrellas do
equivalent. not cause the weather to be raining or not raining.
Now let's examine the contra positive under the This is a mistake. The condition of it raining @tn
counterexample of how | sometimes carry my raining does not depend upon any action taken éy th

umbrella when it is not raining. subject with his umbrella. In the conditional, the
Contra positive: ~B->~A If | do not carry my  subject recognizes a condition, which causes him to
umbrella, then it is not raining. act. The subject and his action do not necessarily
In the counterexample, | sometimes carry my affect the condition, and generally have no effact

umbrella when it is not raining. Thus, when | carry it

my umbrella it may or may not be raining, and when

it is not raining | may or may not be carrying my SECOND DEMONSTRATION

umbrella, so when | do not carry my umbrella does A second demonstration is offered, which tests the

not determine that it is not raining. logical equivalence of the contra positive to the

Since the condition of it not raining occurs conditional, and the conditional to the contra posi

independently of whether | carry or do not carry my based on their conditions.

umbrella, it cannot be said that my not carrying my To demonstrate the logical equivalence of the eontr

umbrella determines that it is not raining. This positive to the conditional, the logic operator \Wwbu
ask under what conditions | carry my umbrella to
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show the conditional of “If it is raining, then acy While two more cases can be developed under the
my umbrella” and test them to see if they are condition that it is not raining, they are omittgdce
equivalent. The conditional allows two conditiorfs o the conditional only speaks to the condition of it
it raining or not raining, but speaks only to the raining.

condition of it raining. But if the cases are developed, they show that the
Case one conditional and contra positive allow the conditon
Under the condition that it is raining, if | carmyy but do not produce them as a logical conclusion.
umbrella, | satisfy the conditional. But this recps Since the absence of a logical construction doé¢s no
rewording the condition and conclusion to say,it'lf provide one, it cannot be shown that they are

is raining, then | carry my umbrella”. This rewandi logically equivalent.
can be done since it is given that it is rainingjch In conclusion, since in one of two cases it carbet
determines that | carry my umbrella. shown that the contra positive is logically equérdl

Under the condition that it is raining, if | carmyy to the conditional, it can be concluded that thetico
umbrella, | can appear to satisfy the contra pasiti positive is not logically equivalent to the condital.
since the presence of these conditions does noStep two

contradict it since it speaks to the condition ¢tfew ™ To demonstrate the logical equivalence of the
I do not carry my umbrella. These two conditions conditional to the contra positive, the logic opera
appear under the form of its contra positive, thewould ask under what conditions it is not rainiog t
contra positive of the contra positive, or the show the contra positive of “If | do not carry my
conditional. But the contra positive does not umbrella, then it is not raining” and test thensee
produce these conditions as a logical conclusiah as if they are equivalent. The contra positive alldws

is inappropriate to assume the conclusion in pigvin conditions, of carrying my umbrella or not carrying
a proposition. my umbrella, but speaks only to when | do not carry
Thus, while the appearance of the two conditionsmy umbrella.

does not contradict the contra positive, neithegsdo Case one

the contra positive produce them as a logical Under the condition that | do not carry my umbrella
conclusion. Since the absence of a logicalif it is not raining, | can appear to satisfy the
construction does not provide one, the contraconditional since it does not speak to the conaitio
positive cannot be shown to be logically equivalent of when it is not raining and | do not carry my
to the conditional. umbrella. The presence of these conditions does not
Case two contradict it. On the other hand, neither does the
Under the condition that it is raining, if | do nearry conditional produce these conditions as a logical
my umbrella, | violate the conditional since the conclusion.

conditional says that if it is raining, then | camy Under the condition that | do not carry my umbrella
umbrella, and it was given that it is raining. if it is not raining, | satisfy the contra positiv€his
Under the condition that it is raining, if | do nearry requires rewording the condition and conclusion to
my umbrella, | violate the contra positive, which say that if | do not carry my umbrella, then itnist
argues that my not carrying my umbrella causes it t raining. The statement can be reworded since it is
not be raining. While the contra positive does not given that | do not carry my umbrella, and it i no
speak to the condition of it raining, the rain wi@s  raining.

its conclusion using its condition that | do notrga  Thus, while under case one the conditional allows
my umbrella. Thus, under case two, since it can bethe conditions of the contra positive to appear, it
argued that both the conditional and contra pasitiv does not produce them as a logical conclusiont so i
are violated, the contra positive appears to becannot be shown to be logically equivalent to the
logically equivalent to the conditional. contra positive.
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Case two One of the first branches of mathematics is
Under the condition that | do not carry my umbrella Euclidean geometry, the geometry of flat surfaces.
if it is raining, | appear to violate the conditain Using a compass and straightedge, it deals with the
which says “If it is raining, then | carry my construction of geometrical figures, and the
umbrella.” While the conditional does not speak to relationship of angles, especially in a trianglé¢hed

the condition of when | do not carry my umbrella, i geometries deal with curved surfaces.

does speak to the condition of it raining to reguir Another early branch of mathematics is arithmetic.
me to carry my umbrella, which violates the given It deals with the addition, subtraction, multiplican,
conditions. and division of numbers. Closely related to
Under the condition that | do not carry my umbrella arithmetic is algebra. It deals with the rules of
if it is raining, | violate the contra positive, wh arithmetic, order of operations, exponents, andofise
says that if | do not carry my umbrella, then ing symbols, which represent unknown variables or
raining, and it was given that | do not carry my constants, to solve equations.

umbrella. An offshoot of algebra is analytic geometry, which
Thus, under case two, since it can be argued thatses the Cartesian system of (X, y) coordinates to
both the conditional and contra positive are viediat  describe the horizontal and vertical displaceméiat o
the conditional appears to be logically equivalent point in a plane with respect to an origin of (§, 0
the contra positive. Linear algebra, another offshoot, solves systems of
While two more cases can be developed under thdinear equations. The branch of calculus takes the
condition that | carry my umbrella, they are ondtte limit of the slope and summation functions.
since the contra positive only speaks to the camdit  Probability and statistics deal with the analysis o
of when | do not carry my umbrella. But if the case data and patterns.

are developed, they will show the contra positivd a As a rule, axioms are few in number, independent,
conditional allow the conditions but do not produce and strong. Axioms are few in number since
them as a logical conclusion. Since the absen@ of mathematical systems tend to be more powerful if
logical construction does not provide one, it canno they are based on a few axioms, which represent the
be shown that they are logically equivalent. distillation of a mathematical or physical system t
In conclusion, since in one of two cases it carbet its key elements.

shown that the conditional is logically equivaléat = Axioms are independent in the sense they are not
the contra positive, it can be concluded that theable to be derived from each other, while being
conditional is not logically equivalent to the cant necessary to describe a system. They are strong in

positive. the sense of being able to serve as building blotks
the construction of proofs and theorems.
ELEMENTS OF MATHEMATICS Axioms tend to be chosen that accurately represent

To gain some insight on the idea that the contrathe physical universe so their resulting proofs and
positive is logically equivalent to the conditiondl theorems are useful in solving practical problems.
may be helpful to discuss some of the basic bugldin But axioms are sometimes chosen that are
blocks or elements of mathematics, and three mainspeculative or ideal in order to explore thought
laws of logic upon which this idea is based, which problems.

include the use of the truth function. A second element of mathematics is logic. It deals
One of the first elements of mathematics is the with the construction of proofs and the analysis of
axiom. Axioms are elementary statements, soarguments. It proves a proposition through the
obvious they are taken to be true, used to buildskillful use of axioms and existing proofs and

mathematical systems of thought or the branches otheorems in a line of reasoning, which is base@ on

mathematics. series of steps that follow each other in an oyderl

manner.
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Similar to how two points define a line, a line of problems, often by drawing a picture or diagram to
reasoning uses a series of steps that follow eactnelp describe the problem.

other to take a reader from a setting of basicidea Word problem skills provide a model of logical
a conclusion, which is stated by the propositiomof construction with their three main steps of first
proof or theorem. analyzing a problem and its set up, the writing of
As a rule, logic seeks consistency. This drive for equations to describe a problem in precise algebrai
consistency sometimes results in rules that maysee terms, and calculation of a solution. Intermediate
arbitrary such as the rule of algebra that prokibit results are usually displayed for checking.

division by zero or any algebraic expression such a Word problem skills are often applied to sciencd an
(x-x) that is equal to zero. Otherwise, division by engineering, and other fields, even to analyzeessu
zero lets any number or algebraic expression becomef public policy such as the problems of a space
equal each to other when they are clearly different  program. These types of advanced problems usually
While the rule that prohibits division by zero istn  involve the analysis of arguments, and explanation
arbitrary since the operation of division requiges of errors in logic.

number with value, zero has a prominent role in the

number system as the identity element of additionTRUTH FUNCTION

and subtraction, and balance point between theWidely used in propositional logic, the truth fuioct
positive and negative numbers. evaluates whether a statement is true or false.
In other words, mathematics can be more complexReturning a value of true or false, its range cstssi
than it first appears. The rule that prohibits sliwn of two elements, letting it be represented by two
by zero shows the complexity of running two numbers such as 0 and 1, or a number system of base
different operations of arithmetic, namely addition two. Number systems of base two are often
and subtraction, and multiplication and division, encountered in computers and electrical enginegring
over the same set of numbers, when arithmeticwhere they may denote whether a switch is turned
operations affect their system of numbers. off or on.

Another element of mathematics, perhaps the mosfrhe truth function is based on the idea that a
common, is the number. Indeed, an entire branch ofstatement can be evaluated as true or false. To
mathematics, number theory, is devoted to theirmaintain consistency, it requires that an impartial
study. Numbers are first introduced with the observer use its system of truth, and appliesasné
counting or the natural numbers, which include the of reference on a consistent basis.

prime numbers that play a key role in number theory However, the truth function could consider
The addition of zero gives the whole numbers. evaluating whether a statement is unknown or
Adding the negatives of the natural numbers givesincapable of being definitely determined, as some
the integers. statements seem to involve a degree of uncertainty.
Rational numbers are formed by fractions of natural To include a category for unknown, the truth
numbers. Irrational numbers are formed by algebraicfunction would need a range with three elements,
operations such as the square root of two, andwhich could be represented by three numbers such -
include transcendental numbers suchmasnd e. 1,0,and 1.

Imaginary numbers use the square root of negativeWhen applied to compound statements, which are
one as a multiplier, and are found in electrical easily divisible into components, each able to be
engineering and physics. evaluated as true or false, the range of the truth
Another element of mathematics is the skill used tofunction returns a string of true or false basedtsn
solve word problems, which are practical problems evaluation of each component, so that its return of
involving word and sentence descriptions. Thislskil information is more complex than a simple true or
is developed by acquiring basic skills in arithroeti false.

and algebra, and learning to read and interpretdwor
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When applied to mixed statements, which consist ofan audience, or reveal a speaker’s motivations or
parts both true and false, but not directly diMisib standards.
into components, just as water can become a solutio
that is mixed with a material or other liquid, tineth LAW OF NON-CONTRADICTION
function’s range or return of information is noteab In the field of logic, three laws appear with some
to distinguish between the state of being mixed, orprominence, which may be used to develop the idea
being both true and false at the same time, bat in that the contra positive is logically equivalentthe
different manner or proportion. conditional. Since it was shown that the contra
Evaluating mixed statements would be like filtering positive is not logically equivalent to the condlital,
polluted water, which may require osmosis or it may be helpful to review these laws of logicst®e
distillation. To evaluate these types of statements whether they are indeed obvious and suitable as law
the truth function’s range, or return of informatjo  of logic, or a sound foundation to build the arguine
may need an explanation for what parts are true orthat the contra positive is logically equivalentthe
false and in what manner or proportion. conditional.
As a practical matter, statements of fact can Wgual The first law of logic, the Law of Non-Contradiatio
be quickly ascertained as true or false. Opinem$  says that a statement cannot contradict itselte&ta
explanations may be more difficult to categorize. in terms of using the truth function, it says tlaat
Other statements may be compound, or mixed,statement cannot be both true and false at the same
describe contradictory behavior, or difficult to time.
categorize. In other words, the universe of stateme However, a statement can be both true and false at
appears to have a range of ease, or difficulty, inthe same time. For example, a statement may be
being evaluated as true or false. divisible into components some of which are true
As a practical matter, science and other fieldg rel while others are false. Or a statement may have
heavily on mathematical functions of the form y = components mixed with varying degrees of being
f(x) to explain cause and effect relationships moretrue or false. Or a statement may describe
than the truth function, although they use the idea contradictory behavior, or be difficult to categuri
the truth function in testing hypotheses. Since as true or false as its veracity may be ambivaieant,
science and other fields rely heavily on mathenaétic dispute, unknown, or incapable of being definitely
functions of the form y = f(x) in explaining cause determined.
and effect relationships, mathematical logic could Examples of statements both true and false at the
consider changing the truth function to examine thesame time often appear in politics and economics.
quality of theories and explanations. Even Chinese fortune cookies, whose sayings
Closely related to the truth function is the ideatta  typically convey good wishes for the future, are
statement cannot contradict itself. In mathemhtica often worded in such general terms that they may be
terms, this would be similar to the reflexive lafv 0 considered to be both true and false at the samee ti
algebra, but applied to a statement. The idea of no Another class of contradictory statements appewars i
contradiction is important since most mathematical sports and weather forecasts, and probability and
systems are based on the idea of internal consisten statistics. Indeed, by definition, probabilitievgia
However, statements sometimes do contradictprecise value for the expected occurrence of adutu
themselves as a matter of style, or the artfulevent as an explicit formulation of being both true
manipulation of opinion. In other cases, the and false at the same time.
contradiction is unintentional or a sign of a weak While after an event, forecasts and probabilitieg/m
argument. Regardless, a statement that contradictbe evaluated as true or false, at least in a
itself should not necessarily be dismissed since itretrospective sense, they retain the element df,tru
may provide useful information, be used to chaleeng in a prospective sense, by having accurately
measured the expectation of a future event.
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Another class of statements, both true and false astatements have components that are both true and
the same time, may be found in the conditional orfalse at the same time, mixed, describe contragicto
“if, then” statement that a given condition leadsat  behavior, or are difficult to categorize, being
specific result such as the conditional “If it is ambivalent, in dispute, unknown, or incapable of
raining, then | carry my umbrella.” Even if a Dbeing definitely determined.

conditional is true, there may be exceptions to its

rule such as when it is raining | do not carry my DE MORGAN'S LAWS

umbrella since it is missing and instead wear aAfter the Law of Non-Contradiction, a second law of
raincoat so that the truth of a conditional, which logic appears in De Morgan’s laws, a pair of rules
gives a general rule, depends upon its circumssance that distribute the negation or “not” or ~ sign in
In addition, a conditional operates under its propositional logic and in set theory, which have
condition. Unless its condition is met, it does not practical uses in electrical engineering and
represent a fact, and may be said to be false. Socomputers much like Boolean algebra (De Morgan’s
while a conditional may be true as a rule, itshtrut laws).

depends upon its actual circumstances and operatiorin propositional logic, De Morgan’s laws distribige
making it both true and false at the same time. negation over a disjunction and conjunction. Histfi
Statements both true and false at the same timdaw distributes the negation of a disjunction i@to
appear in physics. For example, where the speed ofonjunction with two negations. His second law
light is a universal speed limit, scientists have distributes the negation of a conjunction into a
subdivided light to where part of it travels fastean disjunction with two negations.

the speed of light while another part does noterav In set theory, De Morgan’s laws distribute the
as fast. While this contradiction about the spekd o negation or “not,” often called the complement of a
light being a universal speed limit may be resolved set, over the intersection and union of two sete T
by adding the faster piece to the slower piece incomplement of a set consists of all the elemerds th
order to retain a complete picture of the light, it lie outside the set. It is not limited to the elertse
represents a change in the former rule. that are found outside the set, which may represent
Other contradictions appear in describing lightaas an incomplete set if an incomplete search funabion
wave or particle. While these contradictions are incomplete universe, inadequately defined, is used.
generally explained by observing how the behavior De Morgan'’s first law distributes the complement of
of light seems to change from a wave to a partitle the intersection of two sets into a union of their
the atomic level, light possesses a dual naturdy bo complements. His second law distributes the
wave and particle, making it contradictory in complement of the union of two sets into an
behavior. intersection of their complements.

In other words, evaluating even factual statemasts Using the notation of set theory, whétralenotes the
true or false may require skill in determining what intersection of two sets, called p and g, U denotes
parts are true or false, or mixed, ambivalent, intheir union, and ~ denotes the complement, De
dispute, or unknown. And some statements may bevlorgan’s laws may be written as:

incapable of being definitely determined just &s ~(pNqg)=~pU~qg

electron shells are sometimes used to approxin2ate- (pUq)=~p) ~q

the location of an electron. De Morgan’s first law states that the complement of
In addition, in science and other fields, new the intersection of sets p and g is equal to therun
knowledge and understanding can change what if the complement of set p with the complement of
viewed as true and false over time. set g. His second law states that the complement of
In summary, by using the truth function, the Law of the union of sets p and q is equal to the inteisect
Non-Contradiction does not seem to satisfy a of the complement of set p with the complement of
practical view point that recognizes how some setq.
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In set theory, De Morgan’s laws may be pictured by Statements that are not false, but not true

drawing a diagram, called a Venn diagram, which The Law of Non-Contradiction also allows
uses a box to represent a universe of elements, anstatements that are difficult to categorize forniei
two circles in the box to represent two differeetss  ambivalent, in dispute, unknown, or incapable of
The area the circles intersect represents thebeing definitely determined as it is not apparent
intersection of the two sets with their common these statements are both true and false at the sam
elements. The area the circles enclose repredants t time. However, it excludes statements that are both
union of the two sets, which combines their element true and false at the same time, arguing they do no

into a larger set. appear as a result of logic.
Venn diagram: (diagram with the universe, two To shorten the list, statements that are not tute b
circles, intersection, and union) not false, and not false but not true may be placed

De Morgan'’s first law may be illustrated by drawing into the category of not true or false. Statemémas

a Venn diagram with sets p and q, taking the are not true but false, and not false but true by
complement of their intersection, and comparirtg it placed into the categories of false and true,
a Venn diagram of the union of the complement of respectively. With these changes, the Law of Non-
set p with the complement of set . Contradiction allows the following universe to
Two Venn diagrams: (diagrams) the complement of appear:

the intersection of sets p and g, and the unioth@f  Universe of the Law of Non-Contradiction
complement of set p with the complement of set q.Statements that are true

By inspection, the two diagrams show an equal area. Statements that are false

De Morgan’s second law may be illustrated by Statements that are not true or false

drawing a Venn diagram with sets p and q, takireg th Statements that are difficult to categorize forngei
complement of their union, and comparing it to a ambivalent, in dispute, unknown, or incapable of
Venn diagram of the intersection of the complementbeing definitely determined.

of set p with the complement of set q. In contrast, the Law of the Excluded Middle allows
Two Venn diagrams: (diagrams) the complement of the following universe to appear:

the union of sets p and g, and the intersectiom®f  Universe of the Law of the Excluded Middle
complement of set p with the complement of set q.Statements that are true

By inspection, the two diagrams show an equal area. Statements that are false

Using De Morgan’'s laws, the Law of Non- Compared to the Law of Non-Contradiction, the Law
Contradiction may be used to derive the third ldw o of the Excluded Middle omits the categories of not
logic, the Law of the Excluded Middle, which says true or false, or difficult to categorize for being
that a statement must be either true or falsethero  ambivalent, in dispute, unknown, or incapable of
words, the Law of the Excluded Middle says there is being definitely determined. It represents a smalle
no middle ground on whether a statement is true oruniverse, filtered into statements that are eithee
false. or false.

However, the Law of the Excluded Middle does not In contrast, the Law of Non-Contradiction represent
necessarily follow from the Law of Non- a principle of non-exclusion. It does not exclude
Contradiction since the Law of Non-Contradiction statements that are not true or false, or difficalt

allows a larger universe to appear: categorize so that it allows a middle ground to
Universe of the Law of Non-Contradiction appear, which is otherwise excluded by the Law of
Statements that are true the Excluded Middle.

Statements that are false

Statements that are not true, but false VENN DIAGRAM ILLUSTRATIONS

Statements that are not true, but not false This point about the Law of Non-Contradiction
Statements that are not false, but true representing a larger universe than the Law of the
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Excluded Middle may be illustrated by a series of The second diagram shows how sets tend to
Venn diagrams. The first depicts the typical Venn encompass only part of their universe, or have a
diagram where two circles, which represent differen union that tends not to encompass the entire
sets, intersect each other. universe, just as the universe of color has many
Typical Venn diagram: (diagram) colors, in addition to black and white.
The typical Venn diagram shows that sets tend toThird Venn diagram (subsection heading)
have intersections, and unions that are non-trivial The first and second Venn diagrams suggest that a
meaning that one set is not a subset of the other. third Venn diagram may be drawn the same way,
also shows that, regardless of their exactusing the set of statements that are true andethef s
juxtaposition, sets have boundaries that are wellstatements that are false, which shows an
defined, and tend to encompass only part of aintersection between the two sets, and a union that
universe. encompasses only part of the universe of statements
As a further point, the typical Venn diagram shows In other words, the third diagram shows an analogy.
that a universe of elements, defined by a commonJust as black and white are opposites, and true and
trait or characteristic, may be subdivided intdeaist false opposites, their Venn diagrams should be
two sets. Since a set is defined by its elememtss 0  similar, showing the same characteristics of an
distinguishable from another set by having at leastintersection between the two sets, and a union that
one element that is not in common, the typical Vennencompasses only part of the universe.
diagram requires a minimum of four elements in In other words, the third diagram is like the fitwb,
order to display a non-trivial intersection between but uses the set of statements that are true anskth
two different sets, and universe with at least oneof statements that are false, which measure the
element outside the union of the sets. veracity of a statement as a common trait or
In other words, the typical Venn diagram partiti@ns characteristic.
universe into four distinct areas. These areasisbn Like the first two diagrams, the third diagram slsow
of the two sets, their intersection, and the ursger that there is an intersection between the set of
outside their union. Four elements are needed tostatements that are true and the set of statertteatts
distinguish each area, apart from being an arem or are false, just as the sets of black and whiteeshar
set without any elements. intersection in shades of grey. In other words, it
As a further point, a partition or set needs onty 0 indicates that some statements may be both true and
point or element to be non-trivial, a slightly difent  false at the same time.
requirement than how a line requires two points for The third diagram also shows that the set of
its geometrical construction, as set theory dedtls w statements that are true and the set of statertieits
categories and classification. are false do not encompass the entire universg, jus
The typical Venn diagram also implies that elementsas not every element in the universe of color has a
are able to be distinguished or segregated frorh eacmeasurable content of black or white, or some other
other, so they may be placed into sets. color. In other words, it indicates that not every
Second Venn diagram(subsection heading) statement is either true or false, or has a mehkura
The tendency of sets to have intersections may beontent of veracity.
illustrated by a second Venn diagram that shows theThird Venn diagram: (diagram)
sets of black and white in a universe of color. While the third Venn diagram only suggests that
Although the sets are stark opposites, they share athere is an intersection between the set of true
intersection in the shades of grey, as grey is astatements and the set of false statements, itbeay
mixture of black and white, with sometimes another observed that some statements are divisible into
color added such as blue. components each true or false so they are not
Second Venn diagram: (diagram) necessarily true or false in total, while other
statements are mixed, or forecasts or probabilities
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difficult to categorize, which corroborates its However, the fifth diagram appears to misrepresent
suggestion. the sets of true and false statements since tke fir
In effect, the third Venn diagram is the same &s th three Venn diagrams suggest that those sets have an
first two, but depicts the set of statements that a intersection and do not encompass the entire
true and the set of statements that are false.eMhil universe of statements. In other words, just as the
does not satisfy the Law of Non-Contradiction since sets of black and white in the universe of coloreha

it shows an intersection between the two sets, thean intersection and do not encompass the universe,
intersection is readily explained. so should the sets of true and false in the ungvefs

In other words, the third diagram represents thestatements have an intersection and not encompass
principle of non-exclusion found in the Law of Non- the universe.

Contradiction, since it is inclusive of statemethist Since the series of Venn diagrams show a
are both true and false at the same time, statsmentprogressively smaller universe, especially between
that are not true or false, and statements that ar¢he third and fifth Venn diagrams, the Law of the
difficult to categorize for being ambivalent, in Excluded Middle represents a smaller universe than
dispute, unknown, or incapable of being definitely the Law of Non-Contradiction.

determined. In a sense, it represents the Law ofin particular, the Law of the Excluded Middle
Non-Contradiction, but without the strictures oéth excludes statements that are both true and fakbe at
truth function. same time. It excludes statements that are notoirue
Fourth Venn diagram (subsection heading) false. And it excludes statements that are diffitwil

The fourth Venn diagram illustrates the Law of Non- categorize for being ambivalent, in dispute,
Contradiction. To do this, it adjusts the thirdgtiam unknown, or incapable of being definitely
to show no intersection between the set of statesnen determined. The Law of the Excluded Middle
that are true and the set of statements that &e.fa excludes these statements as a matter of definition
To emphasize this point, it shows the circles asrather than having demonstrated their non-existence
separate instead of sharing a common point orwithin a universe of statements.

boundary.
Fourth Venn diagram: (diagram) DE MORGAN'S LAWS, CONTINUED
Fifth Venn diagram (subsection heading) Returning to the Law of the Excluded Middle, and

The fifth Venn diagram depicts the Law of the how it is said to follow from the Law of Non-
Excluded Middle. Its universe is split betweendleé  Contradiction, which says “A statement cannot be
of statements that are true and set of statemleats t both true and false at the same time,” De Morgan’s
are false. While like the fourth diagram it doeg no first law may apparently be used to apply the “not”
show an intersection between the two sets, it sllows in “cannot” to take the negation or complement of
common boundary between the sets, which splits thehe intersection of the set of statements thatrae
universe into two pieces. with the set of statements that are false.

In other words, the fifth diagram shows the Law of This application of De Morgan’s first law results i
the Excluded Middle as the set of statements tteat a the following formula where T stands for the set of
true and the set of statements that are false them statements that are true, and F stands for thefset
fourth diagram, transposed into a universe thatstatements that are false:

consists of just the two sets. ~(TNF)=~TU-~F

Fifth Venn diagram: (diagram) The right side of the equation, or ~ T U ~ F, equals
With its common boundary, the fifth diagram the union of the complement of the set of statement
suggests that there is a clear demarcation betweethat are true with the complement of the set of
the set of statements that are true and the set oftatements that are false. Applying the complement
statements that are false, without any middle gidoun directly to the interior of a set, or to its elertgrthe
the point of the Law of the Excluded Middle. right side equals the union of the set of statement
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that are not true with the set of statements that a Contradiction only enumerates the intersection
not false. This assumes the complement passebetween the two sets.

through the boundary of the set without any In other words, there is a difference between
interference or friction. enumerating the intersection of two sets compawed t
Then, by saying the negation of a statement that igaking the complement of their intersection. Thus,
not true is false and the negation of a statenteatt t the derivation of the Law of the Excluded Middle
is not false is true, the right side equals thenrof from the Law of Non-Contradiction by using De
the set of statements that are false with the et oMorgan’s laws appears to be in doubt.

statements that are true. Moreover, using the negation of set theory to say a
Reversing the order of the sets, which is permittedstatement that is not true is false, and a statethan
under the operations of union and intersection, theis not false is true imposes the unstated assumptio
right side equals the union of the set of statement that an element of the complement is necessardy th
that are true with the set of statements thatals=f  opposite in trait or character when the complement
In other words, the right side of the equation,akhi  of a set, which is defined as the elements outaide
equals ~T U ~F, also equals TU F. set, does not require its elements to all be oppasi
Since the union of the set of statements that ate n trait or character.

true with the set of statements that are not falseln other words, the search function of the negatibn
represents all the elements of the Venn diagraoh, ana statement that is not true is not limited to
equals the union of the set of statements thatraee  statements that are false, but includes statentiesits
with the set of statements that are false, a sextem are both true and false at the same time, or net tr
must be either true or false, just as argued by theor false, or difficult to categorize.

Law of the Excluded Middle. So, the complement of the set of statements tleat ar
However, using the terminology of set theory, the true is not limited to statements that are falsd, b
Law of Non-Contradiction may be reworded to say includes statements that are both true and faldeeat
“A statement cannot be both an element of the set osame time, or not true or false, or difficult to
true statements and an element of the set of falseategorize. Likewise, the complement of the set of
statements at the same time.” In turn, this may bestatements that are false is not limited to statésne
reworded to say “A statement that is both an elémenthat are true, but includes statements that arb bot
of the set of statements that are true and thefset true and false at the same time, or not true efal
statements that are false, at the same time, cannair difficult to categorize.

be.” So, saying a statement is not true does not
This reworded version of the Law of Non- necessarily mean that it is false, and saying a
Contradiction clarifies that the “not” applies teet  statement is not false does not necessarily mesn th
number of elements found in the intersection it is true. A statement that is not true or falsean
between the set of statements that are true weh th element of the set of statements that are notdrue
set of statements that are false. Since such dalse, without requiring it to be either true olsta
statement cannot exist, the number of elementsThus, saying a statement that is not true is fatgkba
found in the intersection is zero, or the null set. statement that is not false is true begs the curesti
Since moving the “cannot” to the end of the Law of middle ground as it excludes such “middle ground”
Non-Contradiction gives a clear statement of the la statements as a matter of definition, rather than
without requiring the use of De Morgan’s laws, the mathematical proof.

application of De Morgan’s first law appears to be This “middle ground” includes statements that are
extraneous. Moreover, the application of his fiast not true or false, both true and false at the stme,

to take ~ (TN F) does not properly apply the “not” or describe contradictory behavior, or difficult to
in “cannot” as it takes the complement of the categorize for being ambivalent, in dispute,
intersection of the two sets when the Law of Non-
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unknown, or of

determined.

incapable being definitely

THE DOUBLE NEGATIVE

It is human nature to become confused with complex
communications such as a double negative, both in
communicating the intended meaning, and
understanding the meaning intended. This carries

With respect to the use of De Morgan’s laws in over into logic, and working of math problems that

logic, it may be helpful to take a closer look la¢ t

involve the product of negative numbers, and other

complement of a set, the “not” or negation of set types of negations. So that, in logic, unless memiji
theory, by drawing the Venn diagram for not the a double negative should generally be avoided.

intersection of sets p and q by taking the comptgme

of their intersection, which gives an area with one CONCLUSION

negation.
Venn diagram showing one negation:

To gain some perspective on the idea that the @ontr
positive is logically equivalent to the conditional

Comparing this to the Venn diagram for the union of this paper discussed some of the basic elements of
not p with not g, gives an equivalent area but with mathematic, and reviewed the three main laws of

three types of negations. The first negation ispot

The second negation is not . The third negatian is
double negation for the intersection of not p antl n
g.

Venn diagram showing three negations:

While the three negations seem to neatly fold anto

logic, which start with the Law of Non-
Contradiction, and include the use of the truth
function.

In essence, the Law of Non-Contradiction says dhat
statement cannot contradict itself. Stated in $eofn
using the truth function, it says that a statement

single negation so that De Morgan’s laws may becannot be both true and false at the same time.
said to hold, something more needs to be said abouHowever, in using the truth function the law apgear

the use of the negation in logic.

to take on an unstated system of truth to determine

For example, a conditional statement does notwhether a statement is true or false, and assumaes t

distribute the negation or “not” as seen in th& lat

an unbiased observer uses the same system of truth.

logical equivalence between a conditional and its While requiring an unbiased observer to use the Law

inverse.

Moreover, where a double negative or
cancel each other out algebraically, so that ~ pp =
from a practical viewpoint of English composition,

“not not”

of Non-Contradiction’s system of truth appears
reasonable, the unstated assumptions surrounding it
system of truth are not as obvious as laws of logic
Then, a review of the Law of Non-Contradiction

which is an important consideration in mathematical indicates it is unsuitable for analyzing compoumd o
logic, a double negative often conveys a twist in mixed statements (at least without some adjustment

meaning and is generally a weaker statement.
In other words, in logic, ~ ~ p is less than or edqaal

to its range or return of information), probabdgi
conditional statements, contradictory behavior, and
other types of statements such as the sayings often

Whlle a double negative is used at times because ofound in Chinese fortune cookies.
the preceding use of a negative, or because it addi other words, by using the truth function, them_a

literary flavor, clarity in thought almost always
prefers p to the double negative of ~ ~ p.
Even when a double negative s

of Non-Contradiction appears to take on unstated
assumptions that are not obvious as laws of logic,

indeed and appears to be unsuited for use in evaluating a

mathematically equivalent, as in the rule of algebr variety of statements. As a result, it does noteapp
that says the product of two negative numbers isto hold as a law of logic.

equal to a positive number, or that -1 x -1 = épfra
practical viewpoint, countless errors of algebreegr
in while working problems with the product of
negative numbers.
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Morgan’s Laws, set theory suggests otherwise by its
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listing of set categories, and the common use ofin conclusion, since mathematics seeks consistency,
Venn diagrams. In other words, set theory does notogic might better use the principle of non-
support the Law of the Excluded Middle’s blanket contradiction to seek consistency rather than hee t
categorization of statements as either true oefals truth function. This idea of consistency might say
Moreover, the derivation of the Law of the Excluded statement should not contradict itself, unlessogsd
Middle seems to misapply De Morgan’s first law so in a different manner, which can be explained.
since there is a difference between enumerating the

intersection of two sets compared to taking the ACKNOWLEDGEMENT
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In summary, while this section only provides
perspective on the three main laws of logic andsdoe
not examine how the contra positive is logically
equivalent to the conditional by using these laags,
currently stated or applied these laws do not seem
provide a sound foundation to examine the logical
equivalence of the conditional to the contra puesiti

In other words, without a sound foundation in laws
of logic, mathematics may be expected to show a
failure of logical equivalence by claiming that the
contra positive is logically equivalent to the
conditional.
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